We compare coupled-cluster (CC) and configuration-interaction (CI) results for 56 Ni obtained in the pf-shell basis, focusing on practical CC approximations that can be applied to systems with dozens or hundreds of correlated fermions. The weight of the reference state and the strength of correlation effects are controlled by the gap between the f 7=2 orbit and the f 5=2 , p 3=2 , p 1=2 orbits. Independent of the gap, the CC method with 1p-1h and 2p-2h clusters and a noniterative treatment of 3p-3h clusters is as accurate as the more demanding CI approach truncated at the 4p-4h level. DOI: 10.1103/PhysRevLett.98.112501 PACS numbers: 21.60.Cs, 21.60.Gx, 27.40.+z, 31.15.Dv As computational methods in nuclear theory advance, we are able to apply microscopic methods to the understanding of the structure of heavy nuclei. One of the recent examples is the pf-shell description of 56 Ni, where the properties of essentially all levels up to about 8 MeV, including the coexistence of low-lying spherical states with excited deformed bands, have been understood via the full configuration-interaction (CI) calculation in the pf basis [1] . The full pf-shell calculation for 56 Ni, with an M-scheme dimension of 10 9 , is a huge computational effort, which has become feasible only recently. One would like to carry out analogous calculations involving orbitals near the Fermi surface for all heavier nuclei. Unfortunately, this is not possible due to the rapid increase of the dimensionality of the full CI eigenvalue problem with the system size.
As computational methods in nuclear theory advance, we are able to apply microscopic methods to the understanding of the structure of heavy nuclei. One of the recent examples is the pf-shell description of 56 Ni, where the properties of essentially all levels up to about 8 MeV, including the coexistence of low-lying spherical states with excited deformed bands, have been understood via the full configuration-interaction (CI) calculation in the pf basis [1] . The full pf-shell calculation for 56 Ni, with an M-scheme dimension of 10 9 , is a huge computational effort, which has become feasible only recently. One would like to carry out analogous calculations involving orbitals near the Fermi surface for all heavier nuclei. Unfortunately, this is not possible due to the rapid increase of the dimensionality of the full CI eigenvalue problem with the system size.
An interesting, computationally cost-efficient alternative to full CI is offered by coupled-cluster (CC) theory [2, 3] , which sums entire classes of many-particle correlation effects, required for an accurate description of energies and wave functions, to infinite order. The CC method started in nuclear theory [2, 4] , but it has been mostly developed and applied in quantum chemistry [3, 5, 6] . It has recently been reintroduced into nuclear theory with applications to the no-core basis of light nuclei [7, 8] , but much less is known about the performance of modern CC approaches for heavier nuclei where they may become useful due to the prohibitive costs of full CI calculations. Truncated CI methods reduce these costs as well, but they are not as effective in describing particle correlations as the truncated CC models and, unlike CC methods, they are not size extensive.
In this Letter, we apply practical CC methods, developed in quantum chemistry to study systems with dozens or even hundreds of correlated fermions and hundreds of basis functions [9] , to the valence configuration space of heavy nuclei. The specific application to 56 Ni is ideal because the effective Hamiltonian required for nuclei in the 56 Ni region is well established. In addition, the CC results can be directly compared to the exact solutions obtained with full CI, and in the pf model space there are no spurious center-of-mass contaminants that complicate the applications to light nuclei. The CC approaches used in this Letter are rooted in a many-body expansion relative to a singledeterminantal reference state. Thus, the semi-closed-shell structure of 56 Ni makes it an excellent place to test practical single-reference CC methods in a region where a single-determinantal reference state may no longer dominate the wave function. Furthermore, we can ''tune'' the Hamiltonian to study the accuracy of CC methods as a function of the weight of the reference state.
We use the recently developed GXPF1A effective Hamiltonian [10] that was exploited in a comprehensive study of energy levels in 56 Ni [1] . GXPF1A was derived from a microscopic calculation by Hjorth-Jensen based on renormalized G-matrix theory with the Bonn-C interaction [11] , and was refined by a systematic fitting of the important linear combinations of two-body matrix elements to low-lying states in nuclei from A 47 to A 66, including some states of 56 Ni [10, 12] . The closed-shell properties of 56 Ni and the strength of correlation effects are tuned by varying the energies of the f 5=2 , p 3=2 , p 1=2 orbitals relative to a fixed energy of the f 7=2 orbit. Thus, we change the shell gap by an amount G. G 0 is the original Hamiltonian used in [1] , which gives an overlap S 0 jh 0 j We compare the results for the CI and CC models at various levels of approximation. All energies are given relative to the reference energy h 0 jHj 0 i ÿ203:800 MeV. In addition to full CI that includes all determinants up to 16p-16h excitations relative to j 0 i, the CI methods used in this study include CISD (CI singles and doubles), CISDT (CI singles, doubles, and triples), and CISDTQ (CI singles, doubles, triples, and quadruples), which are obtained by truncating the CI wave function expansions at 2p-2h, 3p-3h, and 4p-4h excitations, represented here by the particle-hole excitation operators C 2 , C 3 , and C 4 , respectively. The CI calculations for the G 0 56 Ni model were described in Ref. [1] . The CC models include the basic CCSD (CC singles and doubles) approximation [13] and the CR-CC(2,3) and CR-CC(2,4) methods [14] , which represent the improved variants of the completely renormalized (CR) CC approaches [6] used in the earlier studies of light nuclei [8] . In the CCSD approach, the cluster operator T defining the CC ground state [2, 3] , j 0 i expTj 0 i, where in the exact case T T 1 T 2 T A and T n designates the np-nh component of T, is truncated at the 2p-2h clusters T 2 , i.e., T T 1 T 2 . Since higher-order T n clusters with n > 2 may play an increasingly important role as the shell gap and overlap S 0 decrease, we correct the CCSD energies for the effects of T 3 and T 4 clusters. In principle, this should be done with the high-order CC schemes, such as CCSDT and CCSDTQ, in which T T 1 T 2 T 3 and T T 1 T 2 T 3 T 4 , respectively, but a direct determination of T 3 and T 4 through such schemes is very expensive, defeating the main advantage of CC vs CI, which is the high computational efficiency in accounting for particle correlations. This is particularly relevant for applications of CC methods to heavier nuclei, where costs of high-order CI or CC computations can be enormous.
Thus, we exploit the inexpensive ways of incorporating T 3 and T 4 clusters through the CR-CC(2,3) and CR-CC(2,4) approximations [14] . In these approaches, the effects of T 3 [CR-CC(2,3)] or T 3 and T 4 [CR-CC(2,4)] are accounted for by adding noniterative a posteriori corrections to the CCSD energy. As shown in [14] , one can calculate such corrections using the T 1 and T 2 clusters obtained in CCSD calculations; i.e., one does not have to consider the T 3 and T 4 clusters explicitly. One of the main advantages of the CR-CC(2,3) and CR-CC(2,4) approaches is their low computational cost, enabling calculations for systems with hundreds of fermions and basis functions. The most expensive computational steps in these schemes scale as
] in the calculation of the noniterative correction due to T 3 or T 3 and T 4 , respectively, and n 2 o n 4 u in the CCSD part needed to generate T 1 and T 2 (n o and n u are the numbers of occupied and unoccupied states in a singleparticle basis set, respectively). This is much less than the n u iterative steps characterizing CCSDT and CCSDTQ, respectively. One of the main findings of this work is that the CR-CC(2,3) method, with its inexpensive computational steps and use of small numbers of cluster amplitudes that are n o n u for T 1 and n 2 o n 2 u for T 2 , is as accurate as the relatively expensive diagonalization of the Hamiltonian using CISDTQ. CISDTQ requires the iterative n 4 o n 6 u steps and the corresponding eigenvalue problem is large due to the presence of n 4 o n 4 u determinants of the 4p-4h type in the CISDTQ wave function. We also use the extensions of CCSD, CR-CC(2,3), and CR-CC(2,4) to excited states via the equation-of-motion (EOM) or response CC approach [15] . This means that we represent the excited-state wave functions j i as j i R expTj 0 i, where in the CCSD case R is a sum of the reference (R 0 ), 1p-1h (R 1 ), and 2p-2h (R 2 ) components, R R 0 R 1 R 2 , and T T 1 T 2 . In the excitedstate CR-CC(2,3) and CR-CC(2,4) methods, the results of the EOM CCSD calculations are corrected for the effects of T 3 and R 3 [CR-CC(2,3)] or T 3 , T 4 , R 3 , and R 4 [CR-CC(2,4)] through the suitably designed energy corrections [14] . Again, the main idea is to avoid the large costs of high-order CC schemes for excited states. Table I gives the energies of the ground-state (0 ) and the first 2 and 4 excited states as functions of the shell gap in the various levels of approximation. Figure 1(a) compares the CR-CC(2,3), CISDTQ, and full CI results. We see that the CR-CC(2,3) and CISDTQ approximations track each other very closely for all shell gaps. This includes the region of small shell gaps and overlaps S 0 , where the reference determinant j 0 i is a poor representation of the ground state. This shows that one can use 
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112501-2 inexpensive CC methods, such as CR-CC(2,3), to obtain the results that in the shell-model description are equivalent to the CISDTQ calculations. Thus, if CISDTQ is accurate enough for the nuclear properties of interest, one can save an enormous amount of computer effort by performing CC calculations of the CR-CC(2,3) type. In our case, the CISDTQ and CR-CC(2,3) approaches are reasonable up to about G 0, but for G < 0, where the shell gap and overlap S 0 substantially decrease, the CISDTQ and CR-CC(2,3) energies diverge from the full CI results. We can understand this by analyzing Fig. 1(b) , where we compare the full CI energies of the 0 , 2 , and 4 states, plotted as functions of G, with the trends expected for various np-nh components. The energy curves of the 2 and 4 states approach the slope characterizing the 1p-1h components as the gap is increased. This perfectly correlates with the very good performance of the basic CCSD and CR-CC(2,3) approximations in the G > 0 region. The experience of quantum chemistry is that these kinds of CC approximations describe excited states dominated by 1p-1h components almost exactly. We observe the same behavior here. At G 0, the excited states corresponding to the predominantly 4p-4h configurations start at an excitation energy of 5.0 MeV [1] . The 4p-4h line in Fig. 1(b) is drawn to go through 5 MeV at G 0, which is the bandhead energy of the deformed band [1] . By comparing the slopes of energy curves with the slopes of the np-nh lines in Fig. 1(b) , we can see that 4p-4h correlations gain in importance in the G 0 region, but higher-than-4p-4h correlations remain unimportant. This explains why the CISDTQ and CR-CC(2,3) approximations, which can accurately describe excitations up to 4p-4h, work well in the G > 0 region. However, as the gap is decreased further and we enter the G < 0 region, the energies of all states rapidly go down, approaching the slope of the 8p-8h components. For G ÿ2 MeV, the 8p-8h correlations are so strong that they become the dominant part of the ground-state band, which shows a strong rotational character. The CC methods used in this study, which provide an accurate description of up to 4p-4h correlations but neglect T n clusters with n > 4 and disconnected product terms involving T 3 and T 4 , are not applicable when the 8p-8h correlations become dominant. The same applies to CISDTQ. It should be noted, however, that independent of the shell gap, CCSD is more accurate than the corresponding CISD approximation in spite of the fact that both approaches rely on up to 2p-2h excitations. CR-CC(2,3) is always more accurate than CISDT, although both approaches use up to 3p-3h excitations.
The performance of the CC methods used in this study, which rely on the spherical reference state j 0 i, correlates with the overlap S 0 between j 0 i and the full CI ground state j Full-CI 0 i. Small overlaps S 0 that accompany small shell gaps enhance the magnitude of higher-than-4p-4h correlations and this causes problems for basic CC approximations, such as CR-CC(2,3), and truncated CI methods, including CISDTQ. Table I indicates that we obtain excellent results with CR-CC(2,3) when S 0 0:9. In this study, we have access to full CI wave functions, so that we know the exact S 0 . However, one usually does not know the exact value of S 0 . For this reason, it is useful to propose a diagnostic, based on truncated CC calculations, which could tell us when the CC results are trustworthy. For the CC methods relying on CCSD, one can propose such diagnostic by realizing that the T 2 clusters increase when the shell gap and S 0 decrease. Thus, we define the ''T 2 diagnostic'' (T2D), using T 2 clusters obtained in the CCSD calculations, as h 0 jT y 2 T 2 j 0 i=n 0 1=2 . We divide the connected (i.e., size extensive) quantity h 0 jT y 2 T 2 j 0 i, which represents the T 2 cluster contributions to the wave function, by n o to make T2D independent of the system size. As shown in Table I, T2D correlates with S 0 , providing us with a simple way of assessing the applicability of singlereference CC methods. According to Table I, the CR-CC(2,3) approach is accurate when T2D is 0.1 or smaller. We also give in Table I the ''Reduced Excitation Level'' (REL) [16] , which enables one to characterize the np-nh nature of the excited state using the reference 1p-1h and 2p-2h components of the excitation operator R resulting from the EOM CCSD calculations. The CR-CC(2,3) and CR-CC(2,4) methods describe excited states well if REL does not exceed 2.0, provided that T 2 clusters are not too large. In our case, REL does not exceed 1.333. Thus, the main reason for the inaccuracies in excited-state results in the region of smaller shell gaps is a small S 0 , reflected in the larger values of T2D. This can be understood, since the EOM CC methods are equivalent to response CC approaches [15] ; i.e., inaccuracy in the ground state results propagates into excited states. Finally, we explain why the CR-CC(2,3) approach is as accurate as the more expensive CISDTQ method. We begin with the ground-state results. In this case, the 1p-1h components of the wave function vanish due to symmetry, so that the np-nh excitation operators C n defining the CI expansion of the ground state (assuming the intermediate normalization condition h 0 j 0 i 1) can be expressed in terms of the np-nh cluster components T n as follows: C 1 T 1 0, C 2 T 2 , C 3 T 3 , and C 4 T 4 T 2 2 =2. The CR-CC(2,3) approach provides an accurate description of T 1 , T 2 , and T 3 contributions. An accurate representation of the 3p-3h contributions by CR-CC(2,3) is verified in Table II , which shows that the C 3 contributions, extracted from CI by forming the difference of the CISDT and CISD energies, and the corresponding T 3 contributions, obtained by subtracting the CCSD energy from the CR-CC(2,3) energy, are indeed similar (they begin to differ at G ÿ2 MeV, but this is a strongly correlated region where one cannot cleanly extract the C n and T n contributions). The above relationships between C n and T n imply that the CISDTQ and CR-CC(2,3) results will agree as long as T 4 cluster contributions are small. As shown in Table I , the CR-CC(2,4) and CR-CC(2,3) energies are virtually identical, showing that T 4 contributions are indeed negligible. In other words, the presence of the disconnected 4p-4h clusters T 2 2 =2 in CC calculations is the main reason for the observed similarity between the CR-CC(2,3) and CISDTQ results. Product terms of this type represent the leading 4p-4h excitations. To have them in CI, one has to go all the way up to the CISDTQ approximation. The CC methods bring such terms at lower levels, such as CCSD. A similar analysis can be carried out for excited states. For states of different symmetry than the ground state, such as 2 and 4 , one can write the following:
Again, the similarity of CR-CC(2,3) and CR-CC(2,4) energies implies that R 4 is small. Thus, we can express the C n components with n 1-4 using the R 1 , R 2 , and R 3 components of R and the T 1 , T 2 , and T 3 components of T, which are accurately described by CR-CC (2, 3) .
In summary, we compared the CC and CI results for 56 Ni obtained in the pf shell basis. By varying the gap between the f 7=2 orbit and the f 5=2 , p 3=2 , p 1=2 orbits, we tested a few practical CC approximations, such as CR-CC (2, 3) , that can be applied to systems with dozens or hundreds of correlated fermions and hundreds of single-particle basis states, as a function of the weight of the reference determinant in the wave function and the strength of the higher-order correlation effects. We showed that independent of the shell gap, the results of CR-CC(2,3) calculations are close to those obtained with the more demanding CI calculations truncated at 4p-4h configurations. The practical CC methods, such as CR-CC(2,3), provide accurate results as long as the overlap between the reference determinant and the exact wave function is greater than 0.9 or as long as the values of the proposed T 2 diagnostic, T2D, are 0.1 or less. We may be able to extend the applicability of inexpensive CC methods of the CR-CC(2,3) type to heavier nuclei with a less closed-shell character by refining the reference-state determinant, so that the T2D values do not exceed 0.1 over a wider range of shell gaps. This may be possible if we replace the closed-shell reference state [e.g., the (f 
